COMPACT HANKEL OPERATORS ON 
GENERALIZED BERGMAN SPACES OF THE POLYDISC 



TRIEU LE 

Abstract. Let $ be a measure on the polydisc D n which is the product 
of n regular Borel probability measures so that l?([r, l) n x T n ) > for all 
< r < 1. The Bergman space A\ consists of all holomorphic functions 
that are square integrable with respect to In one dimension, it is 
well known that if / is continuous on the closed disc D, then the Hankel 
operator Hf is compact on A%. In this paper we show that for n > 2 
and / a continuous function on D , Hf is compact on A\ if and only 
if there is a decomposition / = h + g, where h belongs to A% and 
limz^9B« g(z) = 0. 



1. Introduction 

Fix a positive integer n > 1. Let D n be the open unit polydisc in C n and 
let T n be the n-torus, which is the Shilov boundary of D n . The closure of 
D n is D , the product of n copies of the closed unit disc. 

For z = (z±, . . . , z n ) £ C n and C = (Ci? • • • j Cn) £ T n , we use z ■ £ and £ • z 
to denote the point (ziCi, • • • , z ri Q n ). We write z = (z\, . . . ,~z n ), and for any 
m = (mi, . . . , m n ) in Z n , we write z m = z™ 1 ■ ■ ■ z™ n whenever it is defined. 
We use a to denote the surface measure on T n which is normalized so that 
a(T n ) = 1. Let /i be a regular Borel probability measure on [0, l) n . Then 
there is a regular Borel probability measure $ on D" so that 

/ f(z)d#(z)= [ {[ /(r-C)da(C)Wr) (1.1) 

for all continuous functions / with compact support on D n . It then follows 
that the above identity also holds true for all functions / in L 1 (D™, , !9). 

In this paper we are interested in those measures [i which satisfy the 
condition fi([r, l) n ) > for < r < 1. This implies that "d({z £ D n : 
1 21 1 > r, . . . , \z n \ > r}) > for < r < 1. We write L\ for L 2 (D ra ,'i9) and 
II • || 2 for the norm on L%. The Ber gman space A$ is the closure in L| of 
the space of all holomorphic polynomials. The condition on [i will imply 
that all functions in A\ are holomorphic on the polydisc. Let P denote the 
orthogonal projection from onto A\. For any function / in L^, the (big) 
Hankel operator Hf is a densely defined operator from into L| © A| by 
Hf((p) = (1 — P)(f(p) for all holomorphic polynomials ip. The function / 
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will be called a symbol of the operator Hf. It is clear that if / is bounded, 
then Hf is a bounded operator with \\Hf\\ < ||/||oo- However, there are 
unbounded functions / such that Hf extends to a bounded operator on A#. 
In fact, if / belongs to A*, then since f(p belongs to A\ for all holomorphic 
polynomials (f, we conclude that Hf = 0. Conversely, if Hf = 0, then since 
= Hf(l) = (I — P)(f), we see that / must belong to A 2 . Therefore, 
Hf = if and only if / is in A#. This shows that a Hankel operator has 
many symbols and any two symbols of the same operator differ by a function 
inA|. 

It is well known that if a function g 6 lA vanishes outside a compact sub- 
set of D n , then the Hankel operator H g is compact. Let dW 1 be the topologi- 
cal boundary of W 1 as a subset of C n . If g G L$ such that lim^oon g{z) = 
(that is, for any e > 0, there is a compact subset M of D n so that \g(z)\ < e 
for $-a.e. z in D n \M), then an approximation argument shows that H g 
is also a compact operator. This together with the above fact about zero 
Hankel operators implies that if / = h + g, where h belongs to A 2 $ and 
lim z ^Qon g(z) = 0, then Hf is compact. 

In the one-dimensional case (n = 1), it is well known that if / is continuous 
on D, then Hf is compact. See p. 226] for the case of weighted Bergman 
spaces. For generalized Bergman spaces, one can prove this by checking 
directly that H 2 i z j is compact for all integers i,j > 0. See Section[3]for more 
details. The case n > 2 turns out to be completely different. Not all Hankel 
operators with continuous symbols are compact. More surprisingly, we will 
show, under the assumption that [i is the product of n measures on [0, 1), 
that if / is continuous on D , then Hf is compact if and only if / admits a 
decomposition / = h + g, where h belongs to A\ and lim^gij™ g(z) = 0. 

If d/i(ri, . . . , r n ) = 2 n r\ ■ ■ ■ r n dr\ ■ ■ ■ dr n , then A# is the usual Bergman 
space of the polydisc. K. Stroethoff [8, 9] and D. Zheng [TU] gave necessary 
and sufficient conditions on a bounded function / for which Hf is compact. 
However, their conditions, which involve the projection P and Mobius trans- 
formations, are difficult to check. Indeed, even if a function / is assumed 
to be continuous on O , it is not clear from their results what geometric 
conditions / needs to satisfy in order for Hf to be compact. Our approach 
(though works only for continuous functions) is different from theirs and our 
result is more transparent. 

To conclude the section, we would like to mention some results on the 
compactness of Hankel operators on the Hardy space H 2 = H 2 (T n ). In the 
one-dimensional case, it is a classical theorem of Hartman (see Chapter 
10]) that Hf can be extended to a compact operator if and only if / = h + g, 
where h belongs to H 2 and g is continuous on the circle T. On the other 
hand, the case n > 2 is much different. It was showed by M. Cotlar and C. 
Sadosky in [1] and P. Ahern, E.H. Youssfi and K. Zhu in pQ with a different 
approach that if Hf is compact, then / must belong to H 2 . This means that 
there is no non-zero compact Hankel operator on H 2 . This result was also 
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proved in the setting of Hardy-Sobolev spaces on the polydisc by Ahern, 
Youssfi and Zhu in the same paper with the same approach. Our analysis in 
the present paper was actually motivated by their results and techniques. 

2. Preliminaries 

In this section we explain in more details some of the results that we 
mentioned in the Introduction. Prom Cauchy's formula and the assumption 
that /u([r, l) ra ) > for all < r < 1, for any compact subset M of D™, 
there is a positive constant Cm so that \p(z)\ < Cm|H|2 for all z £ M, 
and all holomorphic polynomials p. This implies that for / £ A*, f is 
holomorphic on D n and we also have < Cj\/||/||2 for all z £ M. In 

fact, it can be showed that A^ is the space of all functions in L| that are 
holomorphic on D n . Since \f(z)\ < Cm||/||2, the valuation map z h-> f(z) 
is a continuous functional on A\ for any z £ D n . So there is a function K z 
in A\ such that f(z) = (f,K z ) for any / £ A#. The function K z is called 
the reproducing kernel at z. For any compact subset M and for any z £ M, 
since K z (z) <C M \\K g \\ 2 = C M {K z {z)) 1 / 2 , we have K z {z) <C 2 M . ' 

From (jl.lj) . the monomials {z m : m € Z™} are pairwise orthogonal. On 
the other hand, the linear span of these monomials is dense in A\. Therefore 
A^ has the following orthonormal basis, usually referred to as the standard 
orthonormal basis, {e m (z) = -j^= : m £ Z™}, where 



z m z m M{z) = / r( mi ■ ■ ■ r z n mn Mn, ■ ■ .,r n ). 
'[0,1)™ 



Suppose / is a function in L\. Then 



|2 

; m 1 1 2 



E n^/ e ™ii2 < E ii^ 

= / l/W| 2 { E M*)| a }d*(*) (2.1) 



\f(z)\ 2 K z (z)M(z), 

where the last equality follows from the well known formula 

K z (z) = \\K z \\l= E \(K z ,e m }\ 2 = E \em(z)\ 2 . 

mez™. mgZ™ 

If / vanishes outside a compact subset M of D n , then f)2. 1 1) gives 
E H^f e ™ll2 < Cm / l/Wl'd^W < oo, 

since K z (z) < C 2 j < oo for all z £ M. Thus, Hf is a Hilbert-Schmidt 
operator, hence it is compact. 
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Suppose / belongs to L| so that lim^gon f(z) = 0. Then for any e > 0, 
there is a compact subset M e C D" so that \f (z)\ < e for #-a.e. z G D n \M e . 
This implies that ||/ — /xmJIoo < £• And hence, ||iT/ — Hf XKU \\ < e. As we 
have seen above, Hf XM is a compact operator for each e. Therefore, Hf, 
being the limit of a net of compact operators, is also a compact operator. 
Thus we have showed the following well known result. 

Proposition 2.1. Suppose f = h + g, where h G and g G so that 
lim 2 _>,9iD)n g(z) = 0. Then Hf is a compact operator on A\. 

In the rest of the section, we study a decomposition of L| into pairwise 
orthogonal subspaces. If a function belongs to one of these subspaces, the 
corresponding Hankel operator has a simple form which we can analyze 
easily. This is one of the key points in our study of the compactness of 
Hankel operators with continuous symbols. 

For any n-tuple I £ Z™, let Hi be the space of all functions / in such 
that for all ( 6 T n , /(( • z) = Q l f{z) for tf-a.e. z 6 D n . Following [7], we call 
each function in Hi quasi-homogeneous of multi-degree I. It is clear that Hi 
is a closed subspace of L|. Let Qi denote the orthogonal projection from 
L| onto Hi- The following lemma shows that these projections are pairwise 
orthogonal and they constitute a partition of the identity. 

Lemma 2.2. For s£Z n and f G l£, we have 



jor'd-a.e. z G W 1 . Furthermore, Hi-LH S (which implies QiQ s = 0) whenever 
I ^ s, and L?fl = © sg ^ n Qs(-^l) = © s gz n 

Proof. Since / belongs to L|, the integral on the right hand side of (|2.2p 
is well-defined for i9-a.e. z G O n . For such z, let f s (z) be the value of the 
integral. For other values of z, let f s (z) = 0. We will show Q s f = f s by 
proving that f s G H s and (/ — f s )A-H s . For z and any 7 G T n , if the integral 
in (|2.2p is defined, by the rotation invariance of a, we have 



If the integral in (|2.2I) is not defined, then f s (z ■ 7) = "y s f s (z) because they 
are both zero. Therefore, f s belongs to H s . 




(2.2) 
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Now suppose g is a function in H s . Then 

f s (z)g(z)d$(z) -- 



/(z-OC^Wda(C)d^(z) 

f(z ■ C)g(z ■ ()d#(z)MO 
(since g(z • Q = C, s g{z) for i?-a.e. z) 
f(z)g(z)d#(z)da(() 

f(z)g{z)d$(z). 



n .inn 



■n inn 



This shows that (/ — f s ,g) = for all g £ Tl s . Since f s belongs to Us, we 
conclude that f s = Q s f ■ 

Next, suppose I / k. Let f £ Hi and g £ Hk- For any ( £ T n , we have 



( l - k f(z)g(z)d$(z) 



f(z-Qg(z-Od#(z) 
f(z)g{z)d#(z). 



Since I ^ k, we conclude that / f(z)g(z)di}(z) = 0. Thus, 

To show L| = ©/g^™^/; it suffices to show that for any / £ L^, the 
identity ||/||§ = ^ holds true - Indeed, for / £ L\ 



-2 



/e: 



|/(z)| 2 dtf(z) 

|/(z-C)| 2 da(C)d^(z) 



Jjn Jjn 



E 



/(z-C)C'<MC) dtf(z) 



since {C :l£ Z n } is an orthonormal basis for L 2 (T n ,cr)) 



E 



/(* -o?MQ WW 



□ 



It follows from the proof of Lemma 12.21 that for each s £ Z", there is 
a function f s such that f s {z ■ 7) = ^ s f s (z) for all z £ D n and a// ( £ T™ 
and Q s (f)(z) = f s (z) for $-a.e. z. If / is continuous on the closed polydisc 
D , then the integral in (|2.2p is well-defined for all z in D and f s is also 
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continuous on O . We have seen that the series X^sez™ fs converges to / 
in the L|-norm. In general, for / in C(B n ), the series does not converge 
uniformly to /. However, the Cesaro means of the functions {f s : s G Z n } 
do converge uniformly to / as we will see next. 

For any integer N > 1, the Cesaro mean An(/) is defined by the formula 

A*(/)(*) 

M,...,|s„[<iV 

{ £ (i - ^-(i-^ff -«■}/(« -omo 

|si|,...,|s„|<JV 
= / F iY (Ci)---F JV (Cn)/(^C)da(C), 

where Fat is the iVth Fejer's kernel. It now follows from a well known result 
in harmonic analysis (see, for example, Sections 2.2 and 9.2 in [5]) that 
Ajv(/) - ^ / uniformly on D as N — > oo if / is continuous on D . 

3. Hankel operators with quasi-homogeneous symbols 

Recall from Section [2] that Ai has the standard orthonormal basis con- 
sisting of monomials {e m (z) = '■ rn G Z™ }, where 

c m = / r^.-rf-dMn,...,^). 
J[0,l) n 

We also recall that for / 6 Z n , is the orthogonal projection from L| onto 
the subspace Hi of quasi-homogeneous functions of multi-degree I. 

For two n-tuples of integers I = . . . , l n ) and s = (s\, . . . , s n ), we write 
I >z s if lj > for all 1 < j < n and Z ^ s if otherwise. We will also use 

to denote (0, . . . ,0). For m G Z™ and I G Z n , Qi(e m ) is either (when 

1 / m) or e m (when l = m). Thus, Qj(>4) = {0} if ^ and Qi{A^) = Ce t 
if Z y 0. This shows that is an invariant subspace for Qi, hence it is 
also a reducing subspace since Qi is a projection. Let P be the orthogonal 
projection from L? onto ^4|. Then we have PQi = QiP and this in turn 
shows that Hi is a reducing subspace for P. 

Lemma 3.1. Let s be in Z n . Suppose f is a bounded function on D n so 
that we have find, . . .,r n Cn) = ( s f(n, ■ ■ ■ ,r n ) for all z = (nCi, . . . ,r n C, n ) 
in W l . Then H}Hf is a diagonal operator with respect to the standard 
orthonormal basis. The eigenvalues of HfHf &re given by 

\m = — [ \f(h,...,t n )\Hl m l---ti m "dfx(t h ...,t n ) 
c m J [0,1)™ 
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if to + s ^ and 

\ m = — [ \f(t 1 ,...,t n )\ 2 t 2 1 m ^--t 2 n m "d f i(t 1 ,...,t n ) 

c m J[0,l) n 
1 



C-mCm+s 

if m-\- s y o. 



[0,1)* 



f(t 1 ,...,t n )tl m ^---tl m " +s "d f ,(t 1 ,...,t n ) 2 



Proof. For any m G Z™, /e m belongs to Hs+m, which is an invariant sub- 
space for P. Therefore, P(fe m ) and Hfe m = fe m — P(fe m ) also belong to 
H s+m . We have 



P{fe m ) = ^2 ( P (/ e m),e fc )e fe = < 



if s + to ^ 0, 

(fe m ,e s+ m)e s + m if s + m h 0. 



Now for k ^ m, {H* f H f e m ,e k ) = (Hfe m ,Hfe k ) = since fl/e m G % m +s, 
i?/efc G Hk+s and T-Lm+s^-Hk+s by Lemma [221 Thus, HjHf is a diagonal 
operator with respect to the standard orthonormal basis {e m : to G Z™}. 
The eigenvalues of HfHj are given by 

A m = {HfHfe m ,e m ) = \\Hfe m \\2 

= \\fe m g-\\P(fe m )\\l 

f||/em||! ifs + TO^O, 

1 ll/ e m||2 - K/e m ,e s+m )| 2 if s + to ^ 0, 



ll/emlll = — / \f(h, t„)| 2 t 2mi ■ ■ ■ fi^dnih, t n ), 

c m J\0,l) n 



for m G Z™ . Since 

1 

'[0T) 
and 

(K, e s+m ) = - 1 / /(t a , . . . , i n )i 2mi+si ■ ■ ■ tlT^d^h, ...,t n ), 

\JCmC s -\- m J [0,1)" 

the conclusion of the lemma follows. □ 

Remark 3.2. Let us consider the case n = 1 and f(z) = z u z v for integers 
u, v > 0. We see that / belongs to % s with s = u — v. From Lemma 
13.11 H*jHf is a diagonal operator with eigenvalues A m for m G Z+. For all 
positive integers m > v — u, we have 

_ J [0 ,l) * 2m+2( " + ^(t) | Jjo,!) t 2m+2 "d^)| 2 

J[o,i) t2md ^ (/[o,i) * 2m d/.(t))(/ [0jl) ^+ 2 («-«)d M (t)) ' 

Since fi([r, 1)) > for all < r < 1, it can be showed that lim^^co A m = 
(see Lemma 13.31 below). Therefore, HjHf is a compact operator, which 
implies that Hj is also a compact operator. Thus, for any polynomial 
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p = p(z,z), Hp is compact. Since any function g in C(D ) can be uni- 
formly approximated by polynomials, we conclude that H g is also a compact 
operator. 

Our characterization of compactness of Hankel operators when n > 2 
depends on the following lemma. For a sketch of its proof when 5 = (3 = 
(0, . . . , 0), see Lemma 2.4 in [6]. The proof for arbitrary 5, f3 is similar. 

Lemma 3.3. Let fix,... , /ijv be positive measures on [0, 1) so that Hj([r, 1)) > 
for all < r < 1, all 1 < j < N. Suppose tp is a function on [0, 1)^ so that 
lim ¥?( r i> • • • >r/v) = a - Then for any N -tuples of real numbers 

(ri,...,rjv)-s>(l,...,l) 

5 = (5i, . . . , 5n) and j3 = (/Si, . . . , /3jv), we have 

lim — '■ -5 -5 = a. 

(m lr ..,m JV H(oo,...,oo) jj r ™i+& . . . r^ N+ ^ N dfl(r) 

In the rest of the paper, we will consider only measures fi of the form 
d/u(ri, . . . ,r n ) = d^i(ri) • • -d// n (r n ), where /xi,...,/i n are regular Borel 
probability measures on the interval [0,1) such that /ij([r, 1)) > for all 
< r < 1 and 1 < j < n. Recall that t9 is the measure on D n that is 
related to [i by equation (jl.ip . We now define a measure 7 on the topolog- 
ical boundary dW 1 associated with i9. It is clear that dW 1 is the disjoint 
union of 2" — 1 parts of the form A\ x • • • x ^4„, where Aj is either T or 

and not all are D. Suppose = A\ x • • • x A n is a part of dB n . Let 

1 < ji < ■ ■ ■ < j p < n be integers so that Aj l = • • • = Aj p = D and = T 
if j ^ {ji, . . . , j p }. We define 7 to be the unique regular Borel measure on 
W that satisfies 

/ f(w)d>y(w) 
Jw 

= I { / f((i,---,rj 1 (j 1 ---,r jp ( jp ,...X n )da(()\dfi jl (r jl )---dv jp (r jp ) 
for all / G C7 C (W). 

The following theorem characterizes compact Hankel operators with con- 
tinuous quasi-homogeneous symbols when n > 2. 

Theorem 3.4. Suppose n > 2 and s £ Z™, Suppose f G % s is continuous 
on D sitc/i that Hf is compact. If s y 0, £/ien /(z) = /(l, . . . , l)z s /or 
7-a.e. z in <9D n . If s y[0, then f(z) = /or 7-a.e. z m <9B n . 

Proof. By the remark after the proof of Lemma 12.21 we may assume that 
/(Cizii • • • j Cn-Zn) = C s f{ z i-, ■ ■ ■ 1 z n) for all (eT n and all z G D . In partic- 
ular, for all z = (riCi, . . . , r n Q n ) in D , we have 

/(riCi,---,r„Cn) = C S /(n,...,r n ). (3.1) 

Suppose 1 < j < n. Put m-i = max{0, —s\ },..., mj = max{0, — Sj}. 
Since Hf is compact, HjHf is also compact. By Lemma [3. 11 HjHf is diag- 
onalizable and its eigenvalues are A m 's for m = (mi, . . . , mj,mj + i, . . . , m n ). 
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Therefore, lim( mj+lj ... imn )^( 0O) „. )DO ) A m = 0. Using the formula for A m (when 
m + s y 0) in Lemma 13,11 together with Lemma 13,31 and the fact that 
c m = Jr .i)« *i mi • • • *n m " d A*l(*l) " " " d /x„(i„), w e conclude that 



. . . ,tj, 1, . . . , l)| 2 t? mi • • • tf'd/Zifa) • • • d/Zj-fe) 
<>•"« 

J [0il)J /(/,. ../,,! l)t? mi+Sl • • • tf^d^fa) • • • «!//,(/, " 



./o,,'T 2 ' •••/]"' '•^'<l/',(/;)---«l/',i/,i 

Let F(t) = /(ti, 1, ... , I)*™ 1 • • • *7 J and G (*) = C +Sl • • • for 
t = (tx, • • • , tj) G [0, lp . Then the above identity shows that 

{ / |i^(t)| 2 dAti(ti) • • • d^(*i)}{ / G 2 (t)dfii(ti) ■ ■ ■ dfij(tj)X 
(FG)(t)d m (ti)---d^(t,) 2 . 

r [o,iy 

This means that Holder's inequality applied to -F and G is in fact an equality. 
Therefore, we have F(t) = aG(t), or equivalently, 

f(t u ...,tj,i,..., i)c • • • *r = < u+si • • • *r +sj ( 3 - 2 ) 

for /xi x • • • x fj,j-a.e. t = (ti,...,tj) G [0, where a is a constant. 
Since 1 belongs to the support of all the measures /Xi, . . . , fij, we may 
let ti = • ■ ■ = tj = 1 to obtain a = Recall that in (|3.2p . 

mi = max{0, — s±}, . . . , = max{0, — Sj}. 

Suppose first si, . . . , s n > 0. Since mi = • • • = rrij = 0, we obtain from 
422]) that /(*!, . . . , tj, 1, . . . , 1) = /(l, . . . , I)*' 1 • • • tV for /xi x • • • x /x r a.e. 
i = (ti,..., tj) G [0, This together with ([53]) implies that /(z) = 
/(l, . . . , for 7-a.e. z'mW = Wx Y n ~ 3 , which is a part of the boundary 
dB n . 

Now suppose s p < for some 1 < p < n. We will show that in this case 
/(1,...,1) = 0. Without loss of generality, we may assume p = 1. For all 
large positive integers 777.2, . . . , m n , let m = (0, 777,2, . . . , m n ) (the assumption 
that n > 2 is needed here). Since m + s ^ 0, 

_ / [0|1) „ |/(ti, ■ ■ ■ , t re )| 2 t 2m2 • • • g^xigi) • • • dfl n (t n ) 

i[0,l) n *2 m2 ' ' ' *n m ™ d / i l(*l)) " ' ' > dfJ, n (t n ) 

Letting (ro2, . . . , m n ) — )■ (oo, . . . , oo) and using Lemma 13.31 together with 
the fact that A m — > 0, we conclude that 



0= / 1/(^,1,..., ltfdfuih) 
J[0,1) 
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This implies f(t\, 1, . . . , 1) = for /ii-a.e. ti on [0,1). Since 1 is in the 
support of /ii and / is continuous at the point (1, . . . , 1), it follows that 
/(I, •••,!) =0. 

Now §372$ gives f(t h . . . , tj, 1, . . . , l)*^ 1 . . . tj* = for m x • • • x 
a.e. t = (ti, . . . , ij) in [0, For such i, if i™ 1 • • • i ■ J 7^ 0, then we have 
/(ti, . . . , tj, 1 . . . , 1) = 0. Otherwise, there exists 1 < i < j so that = 
and m-j > 0. But rrij = max{0, — Si}, so Sj < 0. Since ti = = i^Ci for any 
|Ci| = 1, we have 

f(h, ■ ■ ■ , U, ■ ■ ■ ) tj, 1, . . . , 1) = f(ti, . . . , ijCii ■ • • > tji 1) • • • > 1) 

= Cf • • • j*i> • • • >*j> I; • • • ! !)• 

This implies /(ti, . . . , tj, 1, . . . , 1) =0 because £i can be chosen so that / 
1. Therefore, f(t\, . . . , tj, 1, . . . , 1) = for fi\ x • • • x fij-a.e. t = (ti,..., tj) 
in [0, which implies f{z) = for 7-a.e. z eW = B j x T n ~-?. 

The same argument applies to other parts of dH n which are different from 
TP. On TP, ([H]) gives /(C) = CV(1, ■••,!)■ If s p < for some 1 < P < n 
then since /(l, . . . , 1) = as showed above, we conclude that /(C) = for 
C € TP. So the conclusions of the proposition also hold for z in TP C dH n . 
The proof of the proposition is now completed. □ 



4. Compact Hankel operators with more general symbols 

We have seen that any / in L\ admits the decomposition / = J2iez n /i> 
where fi = Qi(f) is the orthogonal projection of / on the space of quasi- 
homogeneous functions of multi-degree I. The next proposition shows that 
the compactness of Hf implies the compactness of each Hf r We are then 
able to apply the results in the previous section. The Hardy space version 
of the proposition was proved in pQ. Our proof here, which also works for 
the Hardy space, is more direct. 

Proposition 4.1. Suppose / 6 so that the operator Hj is compact on 
A^. Then for each s G Z™ the operator Hf s is compact. 

Proof. For any m G Z™ , we have 

H f e m = (I- P)(fe m ) = (I — P)((J2 ^) e ™) 

= J2( I - p )(fiem) = J2 H fi e ™- 

zez™ zez™ 

Since Q s+m (H fl e m ) = if I ^ s and Q s+m (Hf s e m ) = Hf s e m , we obtain 
Q s+m (Hfe m ) = Hf s e m . From Lemma [3.11 H%Hf s is a diagonal operator 
with eigenvalues A m given by 

A m = ||-H/ s e m||2 = \\Qs+m{Hfe m )\\\ < \\Hfe m \\2- 
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Since Hf is compact, we have limi m i_ Kx) ||ifye m ||2 = (here \m\ = mi + - • ■ + 
m n ). This implies lim^^^ A m = and hence, Hj s Hf s is compact. Thus, 
Hf a is a compact operator. □ 

Suppose g belongs to A^. It was showed by Axler [2] that when n = 1 
and d is the Lebesgue measure on the disk D, if^ is compact if and only if g 
is in the little Bloch space, that is, lim| z |^i(l — |^| 2 )5'(^) = 0. For n > 2 and 
•d is the Lebesgue measure on the polydisc D ra , a special case of [31 Theorem 
D] gives that Hg is compact if and only if g is a constant function and in 
this case, Hg = 0. The following corollary to Proposition 14.11 shows that this 
holds true for general measures i?. 

Corollary 4.2. Suppose n > 2. Let g be a function in A\ so that Hg is 
compact. Then g is a constant function and hence Hg = 0. 

Proof. Write g = ^mez™ c m,e m . For m G Z™ , since Q- m (g) = c m e m and % 
is compact, Proposition 14.11 implies that H Sm e m is compact. Theorem 13.41 
then shows that c m = for all m^O. Thus, g is a constant function. □ 

We are now ready for our main theorem in this paper. 

Theorem 4.3. Suppose n > 2. Let f be continuous on D so that Hf is a 
compact operator. Then there is a function h which is continuous on D™ and 
holomorphic on W l , and a bounded function g satisfying lim^^gun g(z) = 
so that f(z) = h(z) + g(z) for $-a.e. z in D n . 

Proof. For any s € Z n , Proposition 14.11 shows that Hf s is compact. Since 
/ is continuous, each f s is also continuous. By Theorem 13.41 there is a 
holomorphic monomial h s so that (/ s — h s )(w) = for 7-a.e. w £ dO n . (In 
fact, h 8 = if s ^ and h s (w) = f s {l, . . . , l)w s if a h 0). 
For each integer N > 1, define 

[si|,...,[s„[<JV 

Then j>tv is a holomorphic polynomial and pn(w) = Ajv(/)(i^) for 7-a.e. 
?/; G 9D n , where Ajv(/) is the iVth Cesaro mean of /. Since 7 restricted on 
T n C is the surface measure and pn — Ajv(/) is continuous, we actually 
have pn{w) = Aat(/)(w) for all w £ T n . By the remark at the end of Section 
2, Ajv(/) converges to / uniformly on D . In particular, pn\t™ = Atv(/)|t™ 
converges to /|x« uniformly. This implies that there is a function h which 
is continuous on O" and holomorphic on D n so that pn converges uniformly 
to h on D . Since pn(u>) = Ajv(/)(u>) for 7-a.e. w G &B n for each N, we 
conclude that h(w) = f(w) for 7-a.e. w G dD n . Let g = f — h. Then 5 
is continuous on D and g(w) = for 7-a.e. w on 5D n . By Lemma 2.1 
in [6], there is a function 5 such that g{z) = g{z) for $-a.e. z in D n and 
lim^-^u, g(z) = for all w G From the compactness of <9D n , it follows 

that lirn^giQn ^(z) = 0. We then have f(z) = h(z) + g(z) = h(z) + g(z) 
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for i?-a.e. z £ D n and h, g satisfy the requirements in the conclusion of the 
theorem. □ 

The continuity of / on o" in Theorem 14.31 cannot be dropped. Indeed, 
there are bounded functions / which are continuous on the open polydisc 
D n such that Hf is compact and no decomposition / = h + g with h £ Ai 
and lim 2 _s.,9iD)n g(z) = is possible. In the rest of the section, we will give a 
construction of such a function. 

Let < r\ < T2 < ■ ■ ■ be an increasing sequence of positive real numbers 
that converges to 1. Set j\ = 1. Since (r^l)" = U^_ 1+1 (r J - 1 , rj) n and 
fjL((rj 1 ,l) n ) > 0, there is an integer j'2 > j\ + 1 so that ^((rj 1 ,rj 2 ) n ) > 0. 
Since (rj 2 , l) n = U^- 2+1 (rj 2 , rj) n and fi((rj 2+ i, l) n ) > 0, there is an integer 
J3 > J2 + 1 so that ^((rj 2 ,rj 3 ) n ) > 0. Continuing this process, we find a 

sequence of integers {jk}T=i sucn tnat ifc+i > J fc + 1 and ^(^jk^jk+iT) > 
for A: = 1,2, . . .. For each such k, let .Rfc = (rj k , rj k+1 ) n . Choose an open 
subset Vfc of T n so that < a(V k ) < l/k and f E K z (z)M{z) < 1/k 2 , where 
Ek = {r ■ ( : r £ Rk, C £ Vk\- The existence of Vfc follows from the fact that 
the function z \-t K z (z) is bounded on compact sets. S ince E k is open in 
D n and $(Ek) > 0, using the regularity of we can choose a continuous 
function < fk < 1 so that /fc is supported in £fc and : f(z) = 1}) > 0. 
Put / = YlkLi fk- Since the sets E^s are pairwise disjoint, the function / 
is continuous on D n and < f(z) < 1 for all z G D n . 

We now show that Hf is a Hilbert-Schmidt operator, hence it is compact. 
Indeed, from (12.11). 



V ||^/e m ||| < / |/(z)| 2 i^(z)dtf(z) 



oo oo 1 

<W |/W| 2 ^(^(z)<^ F <oo. 
k=i jEk k=i 



For each s £ Z n , we will show that liHi^gpn Q s (f)(z) = 0. Since / > 0, 
it follows from formula fl22D in Lemma E2] that < |Q (/)(^)|- So 

it suffices to prove lim^gun Qo(/)( 2 ) = 0. For z = (z\, . . . , z n ) £ D n , we 
have 

Qo(f)(z)= [ f(z-()da(()= [ /(NCi,...,|^|Cn)d<r(C) 



oo . 

<E / XB fc (klCi,---,kn|C n )d(r(C). 



fc=l 

By the definition of X-E fe (|^i|Ci) ■ ■ ■ j knlCn) = 1 if and only if the n-tuple 
, \z n \) belongs to R k = {r jk ,r jk+1 ) n and (Ci,--.,Cn) belongs to V k . 
Let ko > 2 be a positive integer. Suppose z = (z%, . . . , z n ) so that \Zi\ > rj ko 
for some 1 < i < n. If (|zi|, • • • , |-z n |) does not belong to any R k , k > 1, then 
Qo(f)(z) = 0. Otherwise, there is exactly one so that (\z\\, . . . , \z n \) £ Rk, 
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which is (rj k , rj k+1 ) n . Since \zi\ > rj kQ , we conclude that rj k+1 > rk , which 
implies k > fcn. Therefore, 

\Qo(f)(z)\ < [ XE k (\zi\(i, \z n \(n)da(0 = a(V k ) <\<^r- 

Jfn K KQ 

Since this holds true for any z that does not belong to the compact set 
[0> r jfc ] n x ^ n > we conclude that lim 2 _ s> apn Qo(f)(z) = 0. 

Suppose there were a decomposition / = h+g, where h £ and g{z) — > 
as z — > dH n . We will show that there would be a contraction. For s >z 0, 
from formula (|2.2[) in Lemma 12.21 we see that Q s (g)(z) — > as z — > dD n . 
This implies Q s {h){z) = Q s {f)(z) - Q s {g){z) -> as z -»■ dB n . But Q s (h) 
is a multiple of z s , as explained at the beginning of Section 3, so we have 
Q s (h) = for all s >z 0. It follows that h = and hence, / = g. This is 
a contradiction because g{z) — > as z — > dD n but by the construction of 
/, for any compact subset M C D n , the set {z £ D n \M : f(z) = 1} has 
positive ^-measure. 
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